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Abstract
A semi-proper orientation of a given graph G, denoted by (D,w), is an orientation D with
a weight function w : A(D)→ Z+, such that the in-weight of any adjacent vertices are distinct,
where the in-weight of v in D, denoted by w−D(v), is the sum of the weights of arcs towards
v. The semi-proper orientation number of a graph G, denoted by −→χ s(G), is the minimum of
maximum in-weight of v in D over all semi-proper orientation (D,w) of G. This parameter
was first introduced by Dehghan (2019). When the weights of all edges eqaul to one, this
parameter is equal to the proper orientation number of G. The optimal semi-proper orientation
is a semi-proper orientation (D,w) such that maxv∈V (G) w
−
D(v) =
−→χ s(G).
Arau´jo et al. (2016) showed that −→χ (G) ≤ 7 for every cactus G and the bound is tight. We
prove that for every cactus G, −→χ s(G) ≤ 3 and the bound is tight. Arau´jo et al. (2015) asked
whether there is a constant c such that −→χ (G) ≤ c for all outerplanar graphs G. While this
problem remains open, we consider it in the weighted case. We prove that for every outerplanar
graph G, −→χ s(G) ≤ 4 and the bound is tight.
Keywords: proper orientation number; semi-proper orientation number; outerplanar graph
1 Introduction
For basic notation in graph theory, the reader is referred to [8]. All graphs in this paper are
considered to be simple. An orientation D of a graph G is a digraph obtained from G by replacing
each edge by excactly one of two possible arcs with the same endvertices. The in-degree of v in
∗The first arXiv version of this paper was submitted in April 2020. The only technical differences between the first
arXiv version and this one are in terminology and notation. The results are the same and were obtained independently
of [10] as we became aware of [10] only in July 2020 after [10] appeared online in Discrete Applied Mathematics.
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D, denoted by d−D(v), is the number of arcs towards v in D for each v ∈ V (G). We will use the
notation without subscript when the orientation D is clear from context.
For a given undirected graph G, an orientation D of G is proper if d−(u) 6= d−(v) for all
uv ∈ E(G). An orientation with maximum in-degree at most k is called a k-orientation. The
proper orientation number of a graph G is the minimum integer k such that G admits a proper k-
orientation, denoted by −→χ (G). The existence of proper orientation was demonstrated by Borowiecki
et al. in [7], where it was shown that every graph G has a proper ∆(G)-orientation, where ∆(G)
is the maximum degree of G. Later, Ahadi and Dehghan [1] introduced the concept of the proper
orientation number. This parameter was widely investigated recently, for more details, we refer
the reader to [1, 2, 3, 4, 5, 11]. Note that every proper orientation of a graph G induces a proper
vertex coloring of G. Hence, we have the following sequences of inequalities:
ω(G)− 1 ≤ χ(G)− 1 ≤ −→χ (G) ≤ ∆(G) (1)
These inequalities are best possible since, for a complete graph Kn, ω(Kn) − 1 = χ(Kn) − 1 =
−→χ (Kn) = ∆(Kn) = n−1. Ahadi and Dehghan [1] proved that it is NP-complete to compute −→χ (G)
even for planar graphs. Araujo et al. [4] strengthened this result by showing that it holds for
bipartite planar graphs of maximum degree 5. The following two problems have received great
attention by researchers.
Problem 1 ([4]). Is there a constant c such that −→χ (G) ≤ c for every planar graph G?
Problem 2 ([5]). Is there a constant c such that −→χ (G) ≤ c for every outerplanar graph G?
Knox et al. [11] proved that −→χ (G) ≤ 5 for a 3-connected planar bipartite graph G and Noguci [12]
showed that −→χ (G) ≤ 3 for any bipartite planar graph G with δ(G) ≥ 3. Araujo et al. [5] proved
−→χ (G) ≤ 7 for any cactus, i.e., an outerplanar graph with every 2-connected component being either
an edge or a cycle and −→χ (T ) ≤ 4 for any tree T (see also [11] for a short algorithmic proof). Ai et
al. [3] proved that −→χ (G) ≤ 3 for any triangle-free, 2-connected outerplanar graph G and −→χ (G) ≤ 4
for any triangle-free, bridgless or tree-free outerplanar graph G. Later, Arau´jo et al. [6] studied
the notion of a weighted proper orientation of graphs.
Recently Dehghan [9] introduced the notion of a semi-proper orientation of graphs. A semi-
proper orientation of a given graph G, denoted by (D,w), is an orientation D with a weight function
w : A(D)→ Z+, such that the in-weight of any adjacent vertices are distinct, where the in-weight
of v in D, denoted by w−D(v), is the sum of the weights of arcs towards v. Let µ
−(D,w) be the
maximum of w−D(v) over all vertices v of G. We drop the subscript when the orientation and weight
function are clear from the context. The semi-proper orientation number of a graph G, denoted
by −→χ s(G), is the minimum of µ−(D,w) over all semi-proper orientations (D,w) of G. An optimal
semi-proper orientation is a semi-proper orientation (D,w) such that µ−(D,w) = −→χ s(G).
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Theorem 1 ([9]). Every graph G has an optimal semi-proper orientation (D,w) such that the
weight of each edge is one or two.
It is easy to see that −→χ s(G) ≤ −→χ (G). Moreover, by the definition of a semi-proper orientation,
the in-weights of adjacent vertices are different. Consequently, by (1), we have
ω(G)− 1 ≤ χ(G)− 1 ≤ −→χ s(G) ≤ −→χ (G) ≤ ∆(G) (2)
Dehghan [9] observed that there exist graphs G such that −→χ s(G) < −→χ (G). Indeed, while as observed
in [9], we have −→χ w(T ) ≤ 2 for every three T , there are trees T with −→χ (T ) = 4 [4]. Thus, one
natural problem is to study the gap between these two parameters.
Problem 3 ([9]). Is there any constant c1 such that
−→χ (G)−−→χ s(G) ≤ c1 for every graph G?
In this paper, we prove a sharp upper bound for the semi-proper orientation number of cacti
in Theorem 2, which implies that c1 ≥ 4 if c1 exist, due to the sharp upper bound −→χ (G) ≤ 7 for
cacti proved in [5].
In [9], Dehghan showed that determining whether a given planar graph G with −→χ s(G) = 2 has
an optimal semi-proper orientation (D,w) such that the weight of each edge is one is NP-complete.
He also proved that the problem of determining the semi-proper orientation number of planar
bipartite graphs is NP-hard.
We prove the following two results. Theorem 2 gives a tight bound for cacti in the weighted
case. Note that this theorem and the tight bound on the proper orientation number of cacti imply
that c1 ≥ 4 in Problem 3 (provided that c1 exists). While Problem 2 remains open, we consider
the problem in the weighted case. Theorem 3 solves this problem. Due to Theorem 1, the bounds
in these theorems can be achieved for optimal semi-proper orientations where every edge weight is
1 or 2.
Theorem 2. For every cactus G, we have −→χ s(G) ≤ 3 and this bound is tight.
Theorem 3. For every outerplanar graph G, we have −→χ s(G) ≤ 4 and this bound is tight.
While the tightness proof of the bound in Theorem 2 is quite easy, that in Theorem 3 is more
involved as an optimal semi-proper orientation of a significantly larger graph is considered.
The remainder of the paper is organized as follows. We provide some definitions and simple
lemmas for orientations on paths in Section 2. Next, we study (weighted) proper orientations of
cacti and outerplanar graphs, and prove Theorems 2 and 3 in Sections 3 and 4, respectively.
2 Preliminaries
Let us consider briefly some graph theory terminology and notation used in this paper. For more
information on blocks and ear decomposition, see e.g. [8].
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We denote a path and cycle by P and C, respectively, and the order of P and C by |P | and
|C|, respectively. We call an edge e an a-b edge if the end points of e have in-weight a and b,
respectively.
A block of a graph G is a maximal nonseparable subgraph of G and a block of order i is said to
be an i-block. Note that every i-block with i ≥ 3 is a 2-connected graph, 2-block is an edge (bridge)
of G and 1-block is an isolated vertex of G. Thus, if G is connected, it has no 1-blocks.
The block tree associated toG is the tree T (G) with vertex set V (T (G)) = {vi : Bi is block of G}∪
S, where S is the set of cut vertices of G, and edge set E(T (G)) = {visj : sj ∈ Bi}. Choose a block
B0 of G as a root of T (G), and run depth-first search (DFS) algorithm on T (G) from B0. Then we
can get an ordering of blocks in G as B0, B1, . . . , Bp. If a cut vertex si ∈ Bi ∩ Bj and j < i, then
say si is the root of Bi.
For a subgraph H of G, an ear of H is a non-trivial path P in G with end-vertices in H but
internal vertices not. We say an ear is attached to the corresponding ends in H and we call such
pair of end-vertices active. Especially, if the vertices of an active pair are adjacent to each other, we
call the pair active edge. It is well known that every 2-connected graph G has an ear decomposition
defined as follows.
• Choose a cycle C0 of G and let G0 = C0.
• Add an ear Pi attached to an active pair (ai, bi) of Gi, where ai 6= bi and let Gi+1 = Gi ∪ Pi,
0 ≤ i < k.
• Gk = G.
Now we introduce a class of outerplanar graphs, called universal outerplanar graphs, which will
be used in our proof. A universal outerplanar graph, denoted by UOP(n), is defined as follows:
• UOP(1) is a triangle.
• Add 2-length ears to all edges of UOP(1), then we get UOP(2). The new added edges are
called outeredges of UOP(2) and the new added vertices are called outervertices of UOP(2).
• UOP(k + 1) is obtained from UOP(k) by adding 2-length ears to all outeredges of UOP(k).
We give some lemmas for orientations on paths below, which will be used later.
Lemma 1 ([3]). Let P = v1v2 . . . vn be a path of length n− 1.
1. If n ≥ 7, then there are three semi-proper orientations with weights of all edges one such that
w−(v1) = 0 and w−(vn) = 0 and
(a) w−(v2) = 2, w−(vn−2) = 0, w−(vn−1) = 2, and
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(b) w−(v2) = 1, w−(v3) = 2, w−(vn−3) = 0, w−(vn−2) = 2, w−(vn−1) = 1, and
(c) w−(v2) = 1, w−(vn−2) = 0, w−(vn−1) = 2, respectively.
2. If n = 6, then there are two semi-proper orientations with weights of all edges one such that
w−(v1) = 0 and w−(v6) = 0 and
(a) w−(v2) = 2, w−(v3) = 0, w−(v4) = 1, w−(v5) = 2, and
(b) w−(v2) = 1, w−(v3) = 2, w−(v4) = 0, w−(v5) = 2, respectively.
3. If n = 5, then there are two semi-proper orientations with weights of all edges one such that
w−(v1) = 0 and w−(v5) = 0 and
(a) w−(v2) = 1, w−(v3) = 2, w−(v4) = 1, and
(b) w−(v2) = 2, w−(v3) = 0, w−(v4) = 2, respectively.
4. If n = 4, then there exists a semi-proper orientation with weights of all edges one such that
w−(v1) = 0, w−(v2) = 1, w−(v3) = 2 and w−(v4) = 0.
Lemma 2. Let P = v1v2v3 be a path with length two. Then there exist three semi-proper orienta-
tions with weights of all edges at most two such that w−(v1) = w−(v3) = 0,
1. weights of all edges are one and w−(v2) = 2.
2. w−(v2) = 3, w(v1v2) = 2 and w(v3v2) = 1.
3. w−(v2) = 4 and w(v1v2) = w(v3v2) = 2.
Proof. 1.
2.
3.
Lemma 3. Let P = v1v2v3v4 be a path of length 3. Then there exist two semi-proper orientations
with weights of all edges at most two such that w−(v1) = w−(v4) = 0,
1. w−(v2) = 2, w−(v3) = 3, w(v1v2) = w(v3v4) = 2 and w(v2v3) = 1.
2. w−(v2) = 1, w−(v3) = 3, w(v2v3) = 2 and w(v1v2) = w(v3v4) = 1.
Proof. 1.
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Lemma 4. Let P = v1v2v3v4v5 be a path with length 4. Then there exists a semi-proper orientation
with weights of all edges at most two such that w−(v1) = w−(v3) = w−(v5) = 0, w−(v2) = 2,
w−(v4) = 3, w(v4v5) = 2 and other edges with weight one.
Proof.
Lemma 5. Let P = v1v2v3v4v5v6 be a path with length 5. Then there exists a semi-proper orien-
tation with weights of all edges at most two such that w−(v1) = w−(v6) = 0, w−(v2) = w−(v5) = 1,
w−(v3) = 3, w−(v4) = 2, w(v2v3) = w(v4v5) = 2 and other edges with weight one.
Proof.
3 Proof of Theorem 2
Since G is a cactus, we can label blocks of G and construct a sequence of induced subgraphs of G
as follows.
• Choose a block B0 as the root of block tree T (G), i.e. G0 = B0.
• Run DFS algorithm on T (G) from B0 to get an ordering of blocks in G.
• Add block Bi to its root si, i.e., Gi = Gi−1 +Bi, 1 ≤ i ≤ k.
• Gk = G.
Note that Bi is either a 2-block or a cycle in G.
We prove it by induction on k. When k = 0, orient B0 using Lemmas 1 and 2 or orient it
arbitrarily if B0 is 2-block. By the induction hypothesis, Gk−1 has a desired orientation (Dk−1, w).
Consider the case when Bk is a cycle C. If |C| = 3 we can apply Lemmas 3 and 1 by setting
v1 = v4 = sk. If w
−(sk) = 1 in (Dk−1, w), then we use Lemma 3-1 to orient C such that w−(v2) = 2
and w−(v3) = 3. If w−(sk) = 2 in (Dk−1, w), then use Lemma 3-2 to orient C such that w−(v2) = 1
and w−(v3) = 3. If w−(sk) ∈ {0, 3} in (Dk−1, w), then use Lemma 1-4 to orient C such that
w−(v2) = 1 and w−(v3) = 2.
If |C| = 4, we can apply Lemma 1-3 by setting v1 = v5 = sk and using (a) if w−(sk) 6= 1 in
(Dk−1, w) and (b) otherwise. If |C| = 5 set v1 = v6 = sk. If w−(sk) = 2 in Gk−1, then use Lemma 5.
Otherwise, use Lemma 1-2(a). Now we assume |C| ≥ 6 and set v1 = vn = sk. If w−(sk) = 1 in
(Dk−1, w), then use Lemma 1-1(a) and otherwise Lemma 1-1(b).
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Now consider the case when Bk is a 2-block skv. Then orient it from sk to v. If w
−(sk) = 1
in (Dk−1, w), then let w(skv) = 2 such that w−(v) = 2. Otherwise, let w(skv) = 1 such that
w−(v) = 1.
For both cases, we have w−(Dk,w)(sk) = w
−
(Dk−1,w)
(sk). This implies that Gk has a desired
orientation (Dk, w).
Figure 1: A tight example of Theorem 2.
A tight example is given in Figure 1. LetG be a cactus with vertex set V (G) = {v1, v2, v3, v4, v5, v6}
and edge set E(G) = {v1v2, v1v3, v2v3, v3v4, v4v5, v4v6, v5v6}. Suppose G has a semi-proper 2-
orientation D. Without loss of generality, we may assume that edge v3v4 in G is oriented in
D from v4 to v3. Hence, 1 ≤ w−D(v3) ≤ 2. Since w−D(v3) ≤ 2, without loss of generality, we
may assume that edge v2v3 is oriented from v3 to v2. Thus, 1 ≤ w−D(v2) ≤ 2. We cannot have
1 ≤ w−D(v1) ≤ 2 as well since that would imply that there are vertices vi, vj with 1 ≤ i < j ≤ 3 such
that w−D(vi) = w
−
D(vj). Hence, w
−
D(v1) = 0, but then both v1v2 and v1v3 must be oriented from v1
implying that w−D(v2) = w
−
D(v3) = 2, a contradiction.
4 Proof of Theorem 3
We start from the following:
Lemma 6. Let G be a 2-connected outerplanar graph and let s be an arbitrary vertex of G. Then
there exists a semi-proper orientation (D,w) such that −→χ s(G) ≤ 4 and w−(s) = 0.
Proof. Since G is 2-connected, recall that we can construct G by the process of ear decomposition
as follows.
• Choose a cycle C0 containing s and let G0 = C0.
• Add an ear Pi attached to an active pair (ai, bi) of Gi, where ai 6= bi and let Gi+1 = Gi ∪ Pi,
0 ≤ i < k.
• Gk = G.
Note that ai is adjacent to bi as G is outerplanar.
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We prove this lemma by induction on k. When k = 0, orient G0 using Lemma 1 or orient it
in any other proper way such that w−(s) = 0. By the induction hypothesis, Gk−1 has a desired
orientation (Dk−1, w). Assume that e = {ak, bk} is an active edge of Pk = v1v2 . . . vn and assume
without loss of generality that ak = v1, bk = vn, w
−(ak) < w−(bk) in (Dk−1, w). We consider the
following cases.
Case 1 |Pk| = 3. If e is a 2-3 edge in (Dk−1, w), then use Lemma 2-3 to orient Pk such that
w−(v2) = 4. If neither ak nor bk has in-weight 2, then use Lemma 2-1 to orient Pk such that
w−(v2) = 2. If neither ak nor bk has in-weight 3, then use Lemma 2-2 to orient Pk such that
w−(v2) = 3.
Case 2 |Pk| = 4. If w−(ak) = 1 or w−(bk) = 2 in (Dk−1, w), then use Lemma 1-4 to orient
Pk such that w
−(v2) = 2 and w−(v3) = 1. If not, then use Lemma 1-4 to orient Pk such that
w−(v2) = 1 and w−(v3) = 2.
Case 3 |Pk| = 5. If e is a 1-2 edge in (Dk−1, w), then use Lemma 4 to orient Pk such that
w−(v2) = 2 and w−(v4) = 3. If neither ak nor bk has in-weight 1, then use Lemma 1-3(a) to orient
Pk such that w
−(v2) = w−(v4) = 1. If neither ak nor bk has in-weight 2, then use Lemma 1-3(b)
to orient Pk such that w
−(v2) = w−(v4) = 2.
Case 4 |Pk| = 6. If w−(ak) = 1 or w−(bk) = 2 in (Dk−1, w), then use Lemma 1-2(b) to orient
Pk such that w
−(v2) = 2 and w−(v5) = 1. If not, then use Lemma 1-2(b) to orient Pk such that
w−(v2) = 1 and w−(v5) = 2.
Case 5 |Pk| ≥ 7. If w−(ak) = 1 or w−(bk) = 2 in (Dk−1, w), then use Lemma 1-1(c) to orient
Pk such that w
−(v2) = 2 and w−(vn−1) = 1. If not, then use Lemma 1-1(c) to orient Pk such that
w−(v2) = 1 and w−(vn−1) = 2.
For all cases above, the in-weights of ak and bk in (Dk, w) are the same as that in (Dk−1, w).
This implies that Gk has a desired orientation (Dk, w), where in particular w
−(s) = 0.
To complete the proof of Theorem 3, it remains to consider the case when G is connected but
not 2-connected. Let B0, B1, . . . , Bk be a list of blocks of G such that for every i ∈ {0, 1, 2, . . . , k},
the subgraph Gi of G induced by the union of blocks B0, B1, . . . , Bi is connected. Such a list can be
obtained e.g. by using DFS on T (G) as described in the beginning of the previous section. Let s be
the root of Bk. We prove the following extension of the theorem by induction on i ∈ {0, 1, . . . , k}:
For every i ∈ {0, 1, . . . , k}, Gi has a semi-proper orientation (Di, w) such that µ−(Di, w) ≤ 4
and if s ∈ V (Gi) then w−(s) = 0.
If B0 is a 2-connected outerplanar graph, then by Lemma 6, G0 has a semi-proper orientation
(D0, w) such that µ
−(D0, w) ≤ 4 and w−(s) = 0 if s ∈ V (G0). If B0 is an edge, then we orient the
edge from s to ensure that w−(s) = 0 if s ∈ V (G0) and arbitrarily, otherwise. By the induction
hypothesis, let Gi−1 have a desired orientation (Di−1, w) such that w−(s) = 0 if s ∈ V (Gi−1).
First consider the case when Bi is a 2-connected outerplanar graph. By Lemma 6, Bi has
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a semi-proper orientation (D′, w) such that µ−(D′, w) ≤ 4 and w−(s) = 0 if s ∈ V (Bi). Thus,
(D′, w) does not add the in-weight of s and w−(s) = 0 in the resulting semi-proper orientation
of Gi provided s ∈ V (Gi). If Bi is an edge e then orient it from s if s is an end-vertex of e and
arbitrarily, otherwise. Then we obtain a desired orientation as above.
Now we show the tightness of the bound. We will have G=UOP(4) as a tight example, which
is depicted in Figure 2. Suppose −→χ s(G) ≤ 3. Since G contains a K3-subgraph, −→χ s(G) = 3. Let D
be an optimal semi-proper orientation of G and let Vi be the set of vertices in D with in-weight
i ∈ {0, 1, 2, 3}.
Note that the vertices of G can be partitioned into three size-8 sets A,B,C such that every
K3-subgraph of G has one vertex a ∈ A, b ∈ B and c ∈ C as depicted in Figure 2. (In other words,
A,B,C is a proper 3-coloring of G.) Let S = Σv∈V (G)w−D(v). We have S ≥ Σv∈V (G)dG(v) = 45. For
every K3-subgraph of G with vertices a, b, c we have
{w−(a), w−(b), w−(c)} ∈ {{1, 2, 3}, {0, 2, 3}, {0, 1, 3}, {0, 1, 2}}.
Thus, S ≤ 8(1 + 2 + 3) = 48 implying that the gap between the upper bound and lower bound of
S is 3. Hence, G has at most three edges of weight 2 in D. By the lower bound, |V3| ≥ 7.
Suppose |V3| = 8. By propagation of in-weights from one K3-subgraph to another K3-subgraph
sharing an edge with the former, we will get four outervertices of in-weight 3 implying that G has
four edges of weight 2 in D, a contradiction. Thus, |V3| = 7. If either |V1| < 8 or |V2| < 8 then
S < 45 implying that |V1| = |V2| = 8 and S = 45. Hence, all edges of G have weight 1 in D.
However, by the propagation of in-weights, we will conclude that at least three outervertices have
in-weight 3 implying that G has three edges of weight 2 in D, a contradiction.
Figure 2: Optimal semi-proper orientation D of UOP(4).
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